k -Isocoronal tilings by Taganap, Eduard C & De Las Peñas, Ma. Louise Antonette N
Ateneo de Manila University 
Archīum Ateneo 
Mathematics Faculty Publications Mathematics Department 
2019 
k -Isocoronal tilings 
Eduard C. Taganap 
Ma. Louise Antonette N. De Las Peñas 
Ateneo de Manila University, mdelaspenas@ateneo.edu 
Follow this and additional works at: https://archium.ateneo.edu/mathematics-faculty-pubs 
 Part of the Geometry and Topology Commons 
Recommended Citation 
Taganap, E., & De Las Peñas, M. L. A. (2019). k-Isocoronal tilings. Acta Crystallographica Section A: 
Foundations and Advances, 75(1), 94-106. 
This Article is brought to you for free and open access by the Mathematics Department at Archīum Ateneo. It has 
been accepted for inclusion in Mathematics Faculty Publications by an authorized administrator of Archīum 
Ateneo. For more information, please contact oadrcw.ls@ateneo.edu. 
electronic reprint
ISSN: 2053-2733
journals.iucr.org/a
k -Isocoronal tilings
Eduard Taganap and Ma. Louise Antonette De Las Pen˜as
Acta Cryst. (2019). A75, 94–106
IUCr Journals
CRYSTALLOGRAPHY JOURNALS ONLINE
Copyright c© International Union of Crystallography
Author(s) of this paper may load this reprint on their own web site or institutional repository provided that
this cover page is retained. Republication of this article or its storage in electronic databases other than as
specified above is not permitted without prior permission in writing from the IUCr.
For further information see http://journals.iucr.org/services/authorrights.html
Acta Cryst. (2019). A75, 94–106 Taganap and De Las Pen˜as · k-Isocoronal tilings
94 https://doi.org/10.1107/S2053273318013992 Acta Cryst. (2019). A75, 94–106
research papers
k-Isocoronal tilings
Eduard Taganapa,b and Ma. Louise Antonette De Las Pen˜asa*
aDepartment of Mathematics, Ateneo de Manila University, Quezon City, Metro Manila 1108, Philippines, and
bDepartment of Mathematics and Physics, Central Luzon State University, Science City of Mun˜oz, Nueva Ecija 3120,
Philippines. *Correspondence e-mail: mdelaspenas@ateneo.edu
In this article, a framework is presented that allows the systematic derivation of
planar edge-to-edge k-isocoronal tilings from tile-s-transitive tilings, s  k. A
tiling T is k-isocoronal if its vertex coronae form k orbits or k transitivity classes
under the action of its symmetry group. The vertex corona of a vertex x of T is
used to refer to the tiles that are incident to x. The k-isocoronal tilings include
the vertex-k-transitive tilings (k-isogonal) and k-uniform tilings. In a vertex-k-
transitive tiling, the vertices form k transitivity classes under its symmetry group.
If this tiling consists of regular polygons then it is k-uniform. This article also
presents the classification of isocoronal tilings in the Euclidean plane.
1. Introduction
Historically, tilings have interested artisans as a means of
expression and cultural beliefs. In recent years, scientists and
mathematicians have studied tilings as mathematical models
for crystal structures (both periodic and non-periodic), cell
packing of viruses, algebraic codes and self-assembly of
nanostructures, to name a few. Mathematicians continue to
study the interesting mathematical questions posed by tiling
theory using several branches of mathematics: group theory,
combinatorics, graph theory, topology and dynamical systems.
One of the problems of interest in the study of tilings is the
classification and characterization of tilings with transitivity
properties, including the analysis of their symmetry groups. A
tiling is vertex-transitive (isogonal), edge-transitive (isotoxal) or
tile-transitive (isohedral) if its symmetry group forms one orbit
or transitivity class of vertices, edges or tiles, respectively, in
the given tiling. The Euclidean vertex-, edge- and tile-
transitive tilings have been classified by Gru¨nbaum &
Shephard (1987) in their work. In a given tiling, it is possible
that the vertices, edges or tiles form more than one orbit under
the action of its symmetry group. Consider for instance the
Euclidean tiling T  shown in Fig. 1 consisting of two types of
4-gons (kites and rhombi) with symmetry group G =
hP0;Q0;R0i ffi p6mm (IUCr notation) where P0, Q0, R0 are
reflections with axes passing through the edges of the shaded
triangle as shown. The vertices of T  form three orbits or
three transitivity classes under G (vertices from the same
transitivity class are given the same color). Moreover, three
orbits of vertex coronae under the action of G are also
formed in T . A vertex corona of a green vertex consists of
two kites and a rhombus; three kites and three rhombi alter-
nate around a sky-blue vertex and make up its vertex corona;
and six kites constitute the vertex corona of a yellow vertex.
The tiling T  is called 3-isocoronal and vertex-3-transitive
(3-isogonal).
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An objective of this article is to contribute to the classifi-
cation and characterization of tilings with transitivity proper-
ties through the study of planar edge-to-edge k-isocoronal
tilings. The intent is to present a systematic method that will
give rise to k-isocoronal tilings, including vertex-k-transitive
(k-isogonal) tilings derived from tilings satisfying tile-
transitivity properties under subgroups of their symmetry
groups.
In Frettlo¨h & Garber (2015) tilings where all vertex coronae
are congruent, called monocoronal tilings, have been explored
using a combinatorial approach. However, there is not much
discussion in the literature on k-isocoronal or k-isogonal
tilings. There have been previous studies on Euclidean
k-uniform tilings, but its enumeration for specific values of k is
far from complete. There is Kepler’s (1619) enumeration of
the 1-uniform tiling, the complete enumeration of the
k-homogeneous tilings (a set of tilings which includes the
1-uniform and 2-uniform tilings) by Kro¨tenheerdt (1969) and
Chavey’s (1984) enumeration of the 3-uniform tilings. The 4-,
5- and 6-uniform tilings have been found by computer and
published on the Web by Galebach (2002), but his method is
not described, and no explicit proof that his lists are complete
seems to be available.
Aside from the discussion of k-isocoronal tilings, which
include vertex-k-transitive (k-isogonal) and k-uniform tilings,
we also present in this article the derivation of isocoronal
tilings in the Euclidean plane. We also provide a result that
will facilitate the derivation of tile-transitive isocoronal tilings
from the Euclidean or hyperbolic ½pn tiling (the regular tiling
with Schla¨fli symbol fn; pg), a tiling by regular polygons where
p is the number of n-gons that meet at a vertex.
In crystallography, studies on tilings with vertex-, edge- or
tile-transitivity properties have been of interest in relation to
the design and synthesis of materials such as metal–organic
polyhedra and frameworks. For instance, vertex-1-transitive
(uninodal) and vertex-2-transitive (binodal) self-dual 2-peri-
odic tilings are enumerated in Delgado-Friedrichs & O’Keeffe
(2017a). Moreover, in Delgado-Friedrichs & O’Keeffe (2017b)
the description of edge-2-transitive, vertex-3-transitive
(trinodal) polyhedra and 2-periodic tilings is presented.
Methods and computer programs for generating 3-periodic
uninodal and binodal nets are discussed in Blatov (2007) and
Blatov & Proserpio (2009), respectively.
The organization of this article is as follows. In Section 2, we
give the definitions and notions used in the article. Section 3
contains results pertaining to k-isocoronal tilings. Section 4
discusses the special case when k ¼ 1 and gives the list of
isocoronal tilings in the Euclidean plane. Section 5 discusses
tile-transitive isocoronal tilings. Section 6 presents the
summary and future direction of the study.
2. General notions and definitions
A tiling T of X (X is either the Euclidean plane E2 or
hyperbolic plane H2 in this article) is a collection of tiles
T ¼ fti : i 2 Ng that is a covering ([iti ¼ X) as well as a
packing [IntðtiÞ \ IntðtjÞ ¼ ; if i 6¼ j, IntðtÞ denotes the interior
of tile t]. At times, the tiles considered are tangential polygons.
A tangential polygon is a convex polygon that has an inscribed
circle. A tiling is edge-to-edge if the intersection of any of its
two tiles is either the common edge or common vertex of the
tiles, or empty. Two tiles having a common edge are said to be
adjacent.
A vertex of T is a point x such that x is a vertex of at least
one tile in T . A vertex with w number of edges incident to it is
said to have valence w. A vertex x of T is said to be regular if
the angles between each pair of consecutive edges incident to
x are congruent. The vertex corona of a vertex x is the set of all
tiles incident to x. Note that a vertex corona is a set of tiles, not
a union of tiles.
The tile corona CðtÞ of a tile t in T is the set of all tiles that
have non-empty intersection with t. Two tiles t and t0 possibly
have the same tile corona, that is CðtÞ ¼ Cðt0Þ but t 6¼ t0. We
distinguish between these tile coronae by using the term
centered tile corona CðtÞ to mean the pair consisting of the tile
corona CðtÞ and its fixed center t. Throughout this article,
whenever we refer to a tile corona of a tile, we mean its
centered tile corona.
The symmetry group G of T is the group of all isometries
that leave T invariant. Consider a tile t in T and H  G. We
define the stabilizer of t in H, denoted by StabHðtÞ, as the
group that consists of elements of H that fix t, that is
StabHðtÞ ¼ fh 2 H : ht ¼ tg. The set Ht ¼ fht 2 T : h 2 Hg is
the orbit of t under the action of H.
A tiling is k-isocoronal if its vertex coronae belong to k
orbits or k transitivity classes under the action of its
symmetry group. A 1-isocoronal tiling is simply referred to as
isocoronal. A k-isocoronal tiling is said to be of type
ðp11: p12: . . . :p1r1; . . . ; pk1: pk2: . . . :pkrk Þ where a vertex
corona in the ith transitivity class consists of ri number of
polygons pi1-, pi2-, . . ., piri -gons (in cyclic order). A type of
k-isocoronal tiling is divided into families of isocoronal tilings.
A family of k-isocoronal tilings is distinguished by the
symmetry group of the tiling and the symmetry group of the
tiles appearing in the vertex corona. For example, the tiling T 
in Fig. 1 is of type ð43; 46; 46Þ, where the vertex corona in the
first, second and third transitivity class, respectively, consists
of 3, 6 and 6 number of 4-gons. This 3-isocoronal tiling belongs
to the family ð4ðD1Þ4ðD1Þ4ðD2Þ; 4ðD1Þ4ðD1Þ4ðD1Þ4ðD1Þ4ðD1Þ4ðD1Þ;
4ðD1Þ4ðD2Þ4ðD1Þ4ðD2Þ4ðD1Þ4ðD2ÞÞ. A 4-gon of symmetry group D1
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Figure 1
A 3-isocoronal tiling.
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(dihedral group of order 2) andD2 (dihedral group of order 4)
is denoted by 4ðD1Þ and 4ðD2Þ, respectively, where the symmetry
group of the 4-gon is denoted as a superscript. Every
k-isocoronal tiling is vertex-k-transitive or k-isogonal, that is,
its vertices belong to k orbits or k transitivity classes under its
symmetry group.
A tiling is edge-k-transitive or k-isotoxal if its edges belong
to k orbits under its symmetry group. The tiling in Fig. 1 is
edge-2-transitive. The two sets of edges colored differently
form two transitivity classes under the action of G.
A tiling T is tile-k-transitive or k-isohedral if its tiles belong
to k orbits or k transitivity classes under its symmetry groupG.
A tile-k-transitive tiling is denoted by [v11:v12: . . . :v1r1 ; . . .;
vk1:vk2: . . . :vkrk ] where a tile in the ith transitivity class has ri
vertices with valences denoted by vi1; vi2; . . . ; viri (in cyclic
order). The kites and rhombi in the tiling given in Fig. 1 form
two orbits of tiles under G. The kites and rhombi have
vertices with valences 3, 6, 3, 6 (in cyclic order). The tiling is
also referred to as the tile-2-transitive tiling [3:6:3:6; 3:6:3:6].
3. Framework for obtaining k-isocoronal tilings
In this section we present two results that facilitate the
construction of a k-isocoronal tiling. The second result parti-
cularly gives a k-isocoronal tiling consisting of regular poly-
gons.
Theorem 3.1. Let T be an edge-to-edge tiling of X with
symmetry group G. Consider a subgroup H of G. Suppose H
forms k orbits of tiles in T . Then there exists an edge-to-edge
s-isocoronal tiling T , s  k, with symmetry group G  H.
Moreover, if G ¼ H then T  is k-isocoronal.
Proof. Let T be a tiling with symmetry group G. Let H be a
subgroup of G. Suppose H forms k orbits of tiles in T , that is,
T ¼ Ht1 [Ht2 [ . . . [Htk where t1, t2, . . ., tk are tiles in T
representing the tile orbits under H.
Consider a point xi 2 IntðtiÞ, i= 1; 2; . . . ; k, such that hxi = xi
for every h 2 StabHðtiÞ. Form P = Hx1 [Hx2 [ . . . [Hxk. This
will result in every tile in T containing one point from P.
Connect by an edge two points in P that belong to two
adjacent tiles in T . This results in an edge-to-edge tiling T 
with polygons as tiles and vertices consisting of points from P.
Suppose t1 has r1 vertices with valences v11, v12, . . . ; v1r1 ,
then the vertex corona A1 of x1, x1 2 Intðt1Þ, consists of v11-,
v12-, . . ., v1r1 -gons. Moreover, assuming tj has rj vertices with
valences vj1, vj2, . . ., vjrj , then the vertex corona Aj of xj 2 tj,
j ¼ 2; 3; . . . ; k, consists of vj1, vj2, . . ., vjrj -gons.
Consider two vertices x, y in T  such that x; y 2 Hx1. Then
x 2 t, y 2 t0, where t and t0 are tiles in T ; t; t0 2 Ht1. Thus, there
exists h 2 H such that t0 ¼ ht. Consequently, Cðt0Þ ¼ hCðtÞ
where CðtÞ, Cðt0Þ is the centered tile corona of t, t0, respectively.
This implies B ¼ hA, where A, B is the vertex corona of x; y,
respectively. Hence the vertex coronae of any two vertices in
Hx1 are congruent. The vertex coronae of these vertices will
consist of v11-, v12-, . . ., v1r1 -gons. Using similar arguments, the
vertex coronae of any two vertices in Hxj, j ¼ 2; 3; . . . ; k, are
congruent, and will consist of vj1, vj2; . . . ; vjrj -gons.
Now, take two vertices v, w in T 
such that v 2 Hxi and w 2 Hxj, i,
j 2 f1; 2; . . . ; kg, i 6¼ j. Consider the
respective vertex coronae Ai, Aj of v,
w. Then hAi 6¼ Aj for all h 2 H since
tj =2Hti.
For the tiling T , we have
HT  ¼ T . Thus, the symmetry group
G of T  contains H. If G ¼ H, then
there are k transitivity classes of
vertex coronae underG, so that T  is
k-isocoronal. Suppose G>H. If
gAi ¼ Aj for some g 2 G H;
i; j 2 f1; 2; . . . ; kg, i 6¼ j, then there are
s transitivity classes of vertex coronae
under G, where s< k and T  is an
s-isocoronal tiling. Otherwise, T  is a
k-isocoronal tiling. &
In the above result the resulting
s-isocoronal tiling T  is dual to the
tiling T in the sense that there exists
an incidence reversing bijection
between the set of vertices, edges and
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Figure 2
(a)–(c) Construction of a 3-isocoronal tiling ð43; 46; 46Þ from the ½43; 46 tiling; (d) a 2-isocoronal tiling
ð43; 46Þ from the ½43; 46 tiling.
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tiles of T , and respectively, the set of tiles, edges and vertices
of T .
Let us illustrate the application of Theorem 3.1 by
discussing the construction of the 3-isocoronal tiling T  given
in Fig. 1. We start with the tiling T :¼ ½43; 46 with symmetry
group G ¼ hP;Q;Ri ffi p6mm where P, Q and R are
reflections with axes shown in Fig. 2(a). Consider
H ¼ hP;Q;RQPQRi ffi p6mm an index-3 subgroup of G. H
forms three orbits of tiles in T : one orbit consists of equilateral
triangles, another orbit consists of blue regular hexagons and
the third orbit consists of pink regular hexagons. We have
T ¼ Ht1 [Ht2 [Ht3 where t1 is a triangle, t2 a blue hexagon
and t3 a pink hexagon as labeled in Fig. 2(a).
Consider x1 2 Intðt1Þ, x2 2 Intðt2Þ and x3 2 Intðt3Þ such that
x1 lies on the axis of Q, and x2, x3 are the respective incenters
of t2 and t3 [Fig. 2(b)]. The position of xi, i = 1, 2, 3, is chosen
such that hxi = xi for all h 2 StabHðtiÞ where StabHðt1Þ =
hQi ffi D1, StabHðt2Þ = hP;Qi ffi D6 and StabHðt3Þ =
hP; RQPQRi ffiD3 (Dn is the dihedral group of order n). Then
we form P = Hx1 [Hx2 [Hx3 [Fig. 2(b)]. Connecting by an
edge the points in P that lie in the interiors of adjacent tiles
results in the tiling T  of type ð43; 46; 46Þ given in Fig. 2(c). As
shown in Fig. 2(b), t1 has three vertices, each of valence 4, so
the vertex corona A1 of x1 consists of three 4-gons (two kites
and a rhombus). The vertex corona A2 of x2 consists of six
4-gons (kites) since each of the vertices of t2 has valence 4. The
vertex corona A3 of x3 also consists of six 4-gons (three kites
and three rhombi arranged alternately) since t3 has six
vertices, each of which has valence 4. The vertex corona of a
vertex hxi 2 Hxi of T  is congruent to Ai, i = 1, 2, 3, so there
are three orbits of vertex coronae under H. The symmetry
group G of T  is G = H = hP;Q;RQPQRi ffi p6mm.
We remark that the tiles comprising the vertex coronae that
are formed in the resulting tiling vary depending on the
choices of x1, x2, x3 and how these points are positioned in the
respective interiors of t1, t2, t3. Suppose, for instance, we take a
point x1 as the incenter of t1 and we consider the points x2 and
x3 in the same manner as described earlier. We obtain the
respective vertex coronae A1, A2 and A3 of x1, x2, x3
consisting of three, six and six rhombi, respectively. The points
x1 , x2 and x3 form a triangle symmetric under the reflection
R 2 G, and we obtain A3 ¼ RA2 as shown in Fig. 2(d). The
resulting tiling obtained from T is a 2-isocoronal tiling T 2 of
type ð43; 46Þ [Fig. 2(d)]. In this case, the symmetry group of T 2
is G2 ¼ G ¼ H [ RH [ ðRQRÞH.
As the next example, we present the construction of a
4-isocoronal tiling T  of type (4.8.10; 4.8.10; 4.8.10; 4.8.10) of
the hyperbolic plane H2. Consider the tile-transitive tiling
[4.8.10] of H2 with symmetry group G = hP;Q;Ri ffi *542
where P, Q, R are reflections with axes shown in Fig. 3(a). Its
tiles are 3-gons with angles =5; =4; =2. Now, let H =
hQP;RQRPi ffi 552 where ½G : H ¼ 4. The generators QP
and RQRP of H are fivefold rotations with pentagonal centers
shown in Fig. 3(b). The group H forms four transitivity classes
of tiles in the [4.8.10] tiling [tiles belonging to the same orbit
are given the same color in Fig. 3(a)]. Consider a point xi 2
IntðtiÞ, i = 1, 2, 3, 4, for a triangle tile ti where StabHðtiÞ = feg,
and form P = Hx1 [Hx2 [Hx3 [Hx4 [Fig. 3(b)]. Connecting
the points in P yields the 4-isocoronal tiling T  in Fig. 3(c),
edges of the same length in T  are given the same color. The
vertex coronae of x1, x2, x3, x4 are pairwise non-congruent;
each vertex corona consists of a different set of 4-gons, 8-gons
and 10-gons. The symmetry group of T  isH ffi 552. This tiling
belongs to the family ð4ðC1Þ8ðC2Þ10ðC5Þ1 ; 4ðC1Þ8ðC2Þ10ðC5Þ1 ;
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Figure 3
Construction of a 4-isocoronal tiling (4.8.10; 4.8.10; 4.8.10; 4.8.10) from
the [4.8.10] tiling. Tilings are exhibited in the Poincare´ disc model of H2.
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4ðC1Þ8ðC2Þ10ðC5Þ2 ; 4
ðC1Þ8ðC2Þ10ðC5Þ2 Þ. There are two non-congruent
10-gons with symmetry group C5 (cyclic group of order 5)
which are distinguished using subscripts.
Note that the hyperbolic symmetry groups in the article are
expressed in Conway’s orbifold notation. The orbifold nota-
tion is based on the type of symmetries occurring in the group.
The symbol  denotes a reflection, 	 a glide reflection, o a
translation and a positive integer s indicates an s-fold rotation.
If s comes after , the center of the corresponding rotation lies
on the axis of reflection, so the symmetry there is dihedral of
order 2s. A center of rotation of order n, n> 2 will be labeled
by an n-gon. A twofold rotation will be labeled by an oval. The
axes of reflections and glide reflections will be indicated by
solid lines and broken lines, respectively.
Theorem 3.2. An edge-to-edge k-isocoronal tiling
ðv11:v12: . . . :v1r1; . . . ; vk1:vk2: . . . :vkrk Þ of X by regular poly-
gons can be obtained by the process of Theorem 3.1 from an
edge-to-edge tile-k-transitive tiling ½v11:v12: . . . :v1r1; . . .;
vk1:vk2: . . . :vkrk  by tangential polygons with regular vertices,
and conversely. Both tilings have the same symmetry group.
Proof. Let T ¼ ½v11:v12: . . . :v1r1; . . . ; vk1:vk2: . . . : vkrk  be
an edge-to-edge tile-k-transitive tiling with symmetry groupG.
Since T is tile-k-transitive, G forms k orbits of tiles in T , that
is, T ¼ Gt1 [Gt2 [ . . . [Gtk where t1; t2; . . . ; tk are tiles in T
representing the tile orbits under G. Consider the incenter xi
of ti, i ¼ 1, 2; . . . ; k, and form P ¼ Gx1 [ Gx2 [ . . . [Gxk.
Every tile in T contains a point from P that is the incenter of
the tile. Connecting by an edge two points from P that belong
to two adjacent tiles in T , we obtain an edge-to-edge k-iso-
coronal tiling T  ¼ ðv11:v12: . . . :v1r1; . . . ; vk1:vk2: . . . :vkrkÞ
with polygons as tiles and vertices consisting of points from P
[Fig. 4(a)].
Consider x1 2 Intðt1Þ, the incenter of t1 where t1 has r1
vertices with valences v11; v12; . . . ; v1r1 (in cyclic order). Given
a vertex z of t1 with valence v11, a v11-gon is formed (with z in
its interior) by connecting the incenters of tiles incident to z
[Fig. 4(b)]. Since z is a regular vertex, the incircles of two
adjacent tiles that are incident to z intersect at the same point
on the common edge of the tiles. Every edge of the v11-gon has
the same length that is twice the radius of the incircles.
Moreover, the vertex angles of the v11-gon are congruent since
the incircles are congruent. Thus the v11-gon is regular. For
every other vertex of t1 with valence v1j; j ¼ 2; . . . ; r1, a
regular v1j-gon is also formed. Thus, regular v11-, v12-, . . . ; v1r1 -
gons are formed incident to x1 (incenter of t1), which consti-
tute the vertex corona of x1.
Consider xj 2 IntðtjÞ, the incenter of tj; j ¼ 2; . . . ; k where tj
has rj vertices with valences vj1; vj2; . . . ; vjrj (in cyclic order).
Then, in a similar manner as x1, the vertex corona of xj consists
of regular vj1-, vj2-, . . . ; vjrj -gons.
Consider two vertices x and y in T  such that x; y 2 Gx1
[Fig. 4(a)]. Then x 2 t; y 2 t0 where t; t0 are tiles in T ,
t; t0 2 Gt1. Hence there exists g 2 G such that t0 ¼ gt. Then
Cðt0Þ ¼ gCðtÞ where CðtÞ;Cðt0Þ is the centered tile corona of t,
t0, respectively. This implies B ¼ gA, where A, B is the vertex
corona of x; y, respectively. Thus the vertex coronae of any
two vertices in Gx1 are congruent. Similarly, it can be shown
that the vertex coronae of any two vertices in
Gxj; j ¼ 2; 3; . . . ; k, are congruent.
Now, take two vertices v, w in T  such that v 2 Gxi and
w 2 Gxj; i; j 2 f1; 2; . . . ; kg; i 6¼ j [Fig. 4(a)]. Consider the
respective vertex coronaeAi,Aj of v, w. Then gAi 6¼ Aj for all
g 2 G since tj =2Gti. Thus there are k orbits or k transitivity
classes of vertex coronae under G.
For the tiling T , we have GT  = T  so that G is the
symmetry group of T . Therefore (v11:v12: . . . :v1r1 ; . . .;
vk1:vk2: . . . :vkrk) is a k-isocoronal tiling by regular polygons.
Conversely, suppose T  = (v11:v12: . . . :v1r1 ; . . .;
vk1:vk2: . . . :vkrk) is an edge-to-edge k-isocoronal tiling by
regular polygons with symmetry group G. Connect using an
edge the incenters belonging to two adjacent tiles in T . An
edge-to-edge tiling T is formed with polygons as tiles, and the
incenters of the tiles in T  as vertices [Fig. 5(a)].
Consider a vertex z1 of T  with a vertex corona consisting
of regular v11-, v12-, . . ., v1r1 -gons. There are r1 polygons inci-
dent to z1, so connecting the incenters of these polygons will
form an r1-gon P1 2 T ; z1 2 IntðP1Þ. Since the vertex corona
of z1 consists of regular v11-, v12-, . . ., v1r1 -gons, then vertices of
P1 will have valences v11; v12; . . . ; v1r1. The vertices of P1 are
regular by the following arguments. Note that the incircles of
two adjacent regular polygons in T  intersect at the midpoints
of their common edges. Thus, the segments connecting the
incenters of the adjacent polygons are perpendicular bisectors
of their common edges. It follows that the angles formed by
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Figure 4
(a) Tiling T  (blue) superimposed on tiling T (gray); the vertices
v;w; x; y of T  are shown. (b) Construction of a regular 3-gon (with blue
edges) from tangential tiles of T meeting at a regular vertex z with
valence 3.
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these segments, incident to the incenters, are congruent. Thus
the vertices (incenters) of P1 are regular [Fig. 5(b)].
P1 is tangential. The sides of any given angle of P1 pass
through the midpoints of the sides of a particular regular
polygon incident to z1. So the angle bisector of the angle
passes through z1 . Thus, P1 has an incenter, which is z

1
[Fig. 5(b)].
In a similar manner, given a vertex zj of T  with a vertex
corona consisting of regular vj1-, vj2-, . . . ; vjrj -gons,
j ¼ 2; . . . ; k, we obtain an rj-gon Pj that is tangential with
regular vertices. Thus T is a tiling by r1-, r2-, . . . ; rk-gons that
are tangential with regular vertices.
Take two ri-gons t1, t2 in T for some i 2 f1; 2; . . . ; kg such
that x 2 Intðt1Þ, y 2 Intðt2Þ are vertices of T  with respective
vertex coronae A1, A2 (both consisting of regular vi1-, vi2-,
. . . ; viri -gons) where A2 ¼ gA1 for some g 2 G [Fig. 5(a)].
Then t2 ¼ gt1 and t1, t2 belong to the same G orbit of tiles.
Now take two tiles ri-gon t and rj-gon t
0 in T such that v 2
IntðtÞ, w 2 Intðt0Þ are vertices of T  with respective vertex
coronaeAi andAj whereAj 6¼ gAi for all g 2 G [Fig. 5(a)].
Then t0 6¼ gt for all g 2 G. This implies that there are k
orbits of tiles in T under G. The symmetry group of T is also
G. Thus T is a tile-k-transitive tiling [v11:v12: . . . :v1r1 ; . . .;
vk1:vk2: . . . :vkrk ]. &
We now present the construction of a Euclidean 8-iso-
coronal tiling by regular polygons (8-uniform tiling). Consider
the tile-8-transitive tiling [36; 36; 34:6; 33:42; 32:4:3:4; 32:4:3:4;
3:42:6; 3.6.3.6] by tangential polygons with regular vertices
shown in Fig. 6(a) where the tiles belonging to one orbit are
given the same color. The 8-uniform tiling is given in Fig. 6(b),
obtained by connecting the incenters of the tiles in the tile-8-
transitive tiling. The composition of polygons (in cyclic order)
in the vertex coronae of the 8-uniform tiling are as follows: (i)
six 3-gons (red); (ii) another six 3-gons (blue); (iii) four 3-gons
and a 6-gon (yellow); (iv) three 3-gons and two 4-gons (light
blue); (v) two 3-gons, a 4-gon, a 3-gon and a 4-gon (green); (vi)
another two 3-gons, a 4-gon, a 3-gon and a 4-gon (cyan); (vii) a
3-gon, two 4-gons and a 6-gon (orange); (viii) a 6-gon, a 3-gon,
a 6-gon and a 3-gon (pink). The 8-uniform tiling and the tile-8-
transitive tiling both have symmetry group G ffi p6mm.
The 8-uniform tiling belongs to the family
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Figure 5
(a) Tiling T (red) superimposed on tiling T  (gray); the tiles t1; t2; t; t0 in
T  are shown. (b) Construction of a regular 6-gon P1 (with red edges)
from regular polygons incident to vertex z1 of T . P1 is tangential with the
incenter at z1 .
Figure 6
(a) Tile-8-transitive tiling [36; 36; 34:6; 33:42; 32:4:3:4; 32:4:3:4; 3:42:6;
3.6.3.6]; (b) 8-isocoronal tiling (36; 36; 34:6; 33:42; 32:4:3:4; 32:4:3:4; 3:42:6;
3.6.3.6) by regular polygons.
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ð3ðD3Þ3ðD3Þ3ðD3Þ3ðD3Þ3ðD3Þ3ðD3Þ; 3ðD3Þ3ðD3Þ3ðD3Þ3ðD3Þ3ðD3Þ3ðD3Þ;
3ðD3Þ3ðD3Þ3ðD3Þ3ðD3Þ6ðD6Þ; 3ðD3Þ3ðD3Þ3ðD3Þ4ðD4Þ4ðD4Þ;
3ðD3Þ3ðD3Þ4ðD4Þ3ðD3Þ4ðD4Þ; 3ðD3Þ3ðD3Þ4ðD4Þ3ðD3Þ4ðD4Þ;
3ðD3Þ4ðD4Þ4ðD4Þ6ðD6Þ; 3ðD3Þ6ðD6Þ3ðD3Þ6ðD6ÞÞ:
A second example is the 3-uniform tiling ð3:53; 3:53; 3:53Þ of
H
2 [Fig. 7(b)] constructed from a tile-3-transitive tiling
[3:53; 3:53; 3:53] given in Fig. 7(a) (tiles belonging to one orbit
are given the same color). A vertex corona of the 3-uniform
tiling consists of three 5-gons and a 3-gon and is presented in
Fig. 7(b) where three vertex coronae belonging to three
different transitivity classes are also shown. The 3-uniform
tiling and the tile-3-transitive tiling have symmetry group
G ffi 32o.
4. Isocoronal tilings of E2
The next theorems give the isocoronal tilings of E2. These
results arise by applying Theorems 3.1 and 3.2 when k = 1.
Theorem 4.1. In E2, there exist exactly eighty-seven (87)
edge-to-edge isocoronal tilings by convex polygons obtained
from edge-to-edge tile-transitive tilings by convex polygons.
From these tilings, twenty (20) are tile-transitive (Fig. 8).
A tiling in Fig. 8 is labeled according to the tiles in its vertex
corona. The tiles are described as follows. A p-gon with Cd
symmetry (Cd is the cyclic group of order d) is denoted by
pðCdÞ. If a p-gon has Dd symmetry, it is denoted by p
ðDdÞ. Two
non-congruent p-gons with the same symmetry are distin-
guished using subscripts. Example:, two non-congruent regular
4-gons are denoted by 41 and 42. The symmetry group of the
tilings presented in Figs. 8 and 9 are described in Conway’s
orbifold notation. The correspondence between Conway
notation and IUCr notation of symmetry groups is as follows:
2222 (p2), 333 (p3), 442 (p4), 632 (p6), *2222 (p2mm), *333
(p3m1), *442 (p4mm), *632 (p6mm), 2*22 (c2mm), 3*3
(p31m), 4*2 (p4gm), 22* (p2mg) and 22	 (p2gg).
Each of the 87 tilings in the list is representative of a family
of isocoronal tilings of a particular symmetry group with a
given set of polygons and their respective symmetry-group
types appearing in the vertex corona. For example, for the case
with a 4-gon, a 6-gon and a 12-gon in the vertex corona [an
isocoronal tiling of type (4.6.12)], there are five families of
tilings in the list (Nos. 47–51), each representing a different
combination of symmetry-group types of a 4-gon, a 6-gon and
a 12-gon in the vertex corona. Compare for instance the family
of tilings No. 48 ð4ðD2Þ6ðD3Þ12ðD6ÞÞ with the family of tilings No.
49 ð4ðD2Þ6ðD6Þ12ðD6ÞÞ where the 6-gons in the former and the
latter have D3 and D6 symmetry groups, respectively. Note
further that the families of tilings No. 23 and No. 25 have the
same label ð4ðD2Þ4ðD2Þ4ðD2Þ4ðD2ÞÞ but both appear in the list since
the tilings have different symmetry groups.
To arrive at the list of isocoronal tilings we apply Theorem
3.1 where k ¼ 1. We consider the tile-transitive tilings
by convex polygons listed in Schattschneider & Dolbilin
(1998). Given a tile-transitive tiling T , we consider a subgroup
H of its symmetry group G such that H acts transitively on the
tiles, that is, Ht ¼ T where t is a tile in T . The computer
softwareGroups, Algorithms and Programs (GAP) (The GAP
Group, 2015) was employed in generating the list of
subgroups, of finite index, of the symmetry groups of the
tilings. Given a subgroup H of G we construct an isocoronal
tiling from T by (i) considering a point x 2 IntðtÞ such that
hx ¼ x for all h 2 StabHðtÞ, (ii) taking the orbit Hx of x under
H and (iii) connecting the points that belong to adjacent tiles.
Details on the derivation of the tilings are given in Taganap
(2017).
Elaborating on (i), we have the following. For the case
where StabHðtÞ contains a rotational symmetry, we choose x to
be the center of rotation. If StabHðtÞ does not have a rotational
symmetry but has a reflection symmetry, we pick x to be a
point in the axis of reflection symmetry. We pick x to be (a) a
center or incenter of a tile, and (b) any other point in the axis
of reflection symmetry. For (b), there are many ways one can
choose this point in the line of symmetry; choosing one point
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Figure 7
(a) Tile-3-transitive tiling [3:53; 3:53; 3:53]; (b) 3-isocoronal tiling (3:53;
3:53; 3:53) by regular polygons. Tilings are exhibited in the Poincare´ disc
model of H2.
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in the axis is sufficient to give rise to a representative tiling in
the list. If we take for example two distinct points on the line,
then the two tilings obtained belong to one family up to
similarity of tiles.
Now, for the case where StabHðtÞ ¼ feg, any point in the
interior of tile t satisfies hx ¼ x for all h 2 StabHðtÞ. However,
we select the possible positions of x 2 IntðtÞ that will allow us
to generate a complete representation of isocoronal tilings
from the given T with different symmetry groups (we look at
symmetry group H such that H  H  G) and with vertex
coronae consisting of polygons with varying symmetry-group
types. First, we take x as the incenter (for tangential polygons
with regular vertices). Then we get a tiling with a vertex
corona consisting of regular polygons. This can be referred to
as the case where an n-gon in the vertex corona has symmetry
group Dn. It is possible that an n-gon in the vertex corona has
as symmetry group a non-identity subgroup S of Dn. We
exhaust all the possibilities for the positions of x for the
resulting n-gon to have varying S and this is obtainable by
taking x as follows: (a) x is a center of rotation symmetry or x
lies on an axis of reflection symmetry belonging to StabGðtÞ;
(b) x lies on an angle bisector of tile t; and (c) x is a point
besides that described in (a)–(b). As explained above,
choosing one point lying on an axis of reflection, or on a given
angle bisector is sufficient to give rise to a representative tiling
in the list with tiles up to similarity. Whichever way we take the
point described in (c), we get a tiling belonging to one family
of tilings in the list.
For example, let T be the [4.6.12] tiling by triangles with
angles =2, =3, =6, which has symmetry group
G ¼ hP;Q;Ri ffi 632. The symmetry group G forms one
orbit of tiles in T and is the only suitable choice for H for this
tiling. We have StabGðtÞ ¼ feg. The possible positions of
x 2 IntðtÞ to be considered are the incenter of t, a point lying
on an angle bisector of t (leading to three possibilities for
every angle bisector of the 3-gon), and a point that is neither
the incenter nor is a point lying on an angle bisector of t.
Choosing x as the incenter, we obtain the family of isocoronal
tiling No. 47 (4ðD4Þ6ðD6Þ12ðD12Þ) with a vertex corona consisting
of regular polygons. If x lies on an angle bisector we get
three possible isocoronal tilings, each belonging to the families
No. 49 ð4ðD2Þ6ðD6Þ12ðD6ÞÞ, No. 50 ð4ðD4Þ6ðD3Þ12ðD6ÞÞ and No. 51
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Isocoronal tilings of E2.
Figure 8 (continued)
Isocoronal tilings of E2.
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ð4ðD2Þ6ðD3Þ12ðD12ÞÞ. Whenever we take x to be neither the
incenter nor lying on an angle bisector, we obtain a tiling
belonging to the family No. 48 ð4ðD2Þ6ðD3Þ12ðD6ÞÞ. All the
symmetry groups of these tilings are 632.
To illustrate the method further, we consider T 1 :¼ ½3:122 a
tiling by isosceles triangles with symmetry group
G1 ¼ hP;Q;Ri ffi 632. Two subgroups H1, H2 of G1 satisfy
the condition that H1 or H2 forms one orbit of tiles in T . We
first consider H1 ¼ hP;QRi ffi 33, ½G : H1 ¼ 2. For a tile
t 2 T 1, we have StabH1 ðtÞ ffi feg and StabG1 ðtÞ ffi D1. Taking x
as the incenter, we obtain the family of tilings No. 52
ð3ðD3Þ12ðD12Þ12ðD12ÞÞ with symmetry group 632; taking x lying
on an axis of reflection symmetry belonging to StabG1ðtÞ
(which is also an angle bisector in this case) yields a tiling
belonging to the family No. 53 ð3ðD3Þ12ðD6Þ12ðD6ÞÞ with
symmetry group 632. Taking x not on the axis of reflection
symmetry we obtain tilings belonging to one family, No. 54
ð3ðD3Þ12ðD3Þ12ðD3ÞÞ with symmetry group 33. Now, if we
consider H2 ¼ hPQ;PRi ffi 632, ½G1 : H2 ¼ 2 we obtain
StabH2 ðtÞ ffi feg and StabG1 ðtÞ ffi D1. Again, taking x as the
incenter we obtain tiling No. 52 ð3ðD3Þ12ðD12Þ12ðD12ÞÞ. Now,
taking x lying on an axis of reflection symmetry belonging to
StabG1 ðtÞ again yields a tiling belonging to family No. 53ð3ðD3Þ12ðD6Þ12ðD6ÞÞ. If we take x not lying on the axis of reflec-
tion symmetry we obtain tilings belonging to family No. 55
ð3ðD3Þ12ðC6Þ12ðC6ÞÞ with symmetry group 632. Observe that two
subgroups H1 and H2 of G1 may result in isocoronal tilings
belonging to the same family of isocoronal tilings. So, in total,
from one isohedral tiling T 1, we get four families of isocoronal
tilings with the type of isocoronal tiling having a vertex corona
consisting of a 3-gon and two 12-gons of varying symmetry-
group types.
In the classification scheme of monocoronal isogonal tilings
by Frettlo¨h & Garber (2015), included are tilings Nos. 48, 54
and 55. The others they do not list but instead consider these
as limiting cases. Take for instance the vertex corona
consisting of a 4-gon, a 6-gon and a 12-gon, where Frettlo¨h and
Garber list only tiling No. 48 ð4ðD2Þ6ðD3Þ12ðD6ÞÞ. The limiting
cases are, if x is the incenter of tile t, then tiling No. 47 is
obtained. Moreover, if x lies on any angle bisector of tile t then
the tilings Nos. 49, 50, 51 result. In this sense, if we consider
only the possibilities where H is a subgroup of G that acts
transitively on the tiles in T such that StabHðtÞ ¼ feg; t 2 T ,
and a point x 2 IntðtÞ is chosen to not lie on the axis of
reflection symmetry in StabGðtÞ, the center of rotational
symmetry in StabGðtÞ, the angle bisector of t or the incenter of
t, then we will arrive at a list of isocoronal tilings excluding the
limiting cases.
Theorem 4.2. In E2, there exist exactly eleven (11) edge-to-
edge isocoronal tilings by regular polygons which can be
obtained from the eleven (11) edge-to-edge tile-transitive
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Isocoronal tilings of E2.
Figure 8 (continued)
Isocoronal tilings of E2.
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tilings by tangential polygons with regular vertices, and
conversely (Fig. 9).
The edge-to-edge isocoronal tilings by regular polygons in
E
2 are well known. These tilings are usually called the
Archimedean tilings or uniform tilings (Gru¨nbaum &
Shephard, 1987), and include the regular tilings. Isohedral
tilings by tangential polygons with regular vertices in E2 are
often called the Laves tilings (Gru¨nbaum & Shephard, 1987).
Fig. 9 shows pairs of tilings in E2 determined by Theorem
4.2. A pair consists of an isocoronal tiling by regular polygons
(blue) and the corresponding isohedral tiling by tangential
polygons with regular vertices (black). An isocoronal tiling is
obtained from the tile-transitive tiling by connecting using an
edge the incenters of the latter, and vice versa (also referred to
as dual tilings). We indicate, for each pair, the number of sides
of a regular polygon appearing in the vertex corona of an
isocoronal tiling or, equivalently, the valences of a tile in a tile-
transitive tiling, followed by the symmetry group of the tilings
in Conway notation.
5. Tile-transitive isocoronal tilings
The result below outlines a method to arrive at isocoronal
tilings that are tile-transitive. Among the Euclidean isocoronal
tilings given in Fig. 8, there are 20 tilings that are tile-transitive
(tilings that have labels marked blue). These tilings can be
obtained using this result.
Theorem 5.1. Let T be a tile-transitive ½pn tiling of X with
symmetry group G. Suppose H acts transitively on the tiles in
T and there exist (not necessarily distinct elements) h1, h2, . . .,
hn 2 H (with axes of reflections or glide reflections passing
through or with centers of rotations lying on a tile t in T ) such
that hnhn1 . . . h1 ¼ e where hihi1 6¼ e, i ¼ 2, . . ., n. Then
there exists an edge-to-edge tile-transitive isocoronal tiling by
p-gons with symmetry group G.
Proof. Consider x 2 IntðtÞ and form Hx. Following the
arguments in Theorem 3.1 for k ¼ 1, we obtain an isocoronal
tiling T  with the vertex corona of a given vertex consisting of
n p-gons.
Consider h1, h2, . . ., hn 2 H (with axes passing through or
with centers lying on t) such that hnhn1 . . . h1 ¼ e where
hihi1 6¼ e. Let P be a p-gon in the vertex corona of x. We have
h1P a p-gon adjacent to P; ðh2h1ÞP adjacent to h1P; and so on
until ðhnhn1 . . . h1ÞP ¼ P. So there will be n congruent p-gons
in the vertex corona of x. Since T  is isocoronal then T 
consists of congruent p-gons.
Let P1 and P2 be any two p-gons in T . Consider vertex
coronae A and B in T  containing P1 and P2, respectively. By
the construction of T , there exists h 2 H such that B ¼ hA. It
follows that there exists a p-gon P0 in B such that P0 ¼ hP1.
Note that P0 and P2 are among the congruent p-gons in B. So
there exists h0 2 H such that P2 ¼ h0P0. Thus P2 ¼ ðh0hÞP1.
Hence T  is tile-transitive. &
Consider the Euclidean tile-transitive isocoronal tiling ð63Þ
shown in Fig. 10(c) obtained from the ½63 tiling [Fig. 10(a)],
which has symmetry group G ¼ hP;Q;Ri ffi 632. We
consider the subgroup H ¼ hPR;QPRQ;RQPRQRi ffi p2 of
G where ½G : H ¼ 6. Take the elements h1, h2, h3 of H such
that ðh3h2h1Þt ¼ t, t is a tile in the ½63 tiling. In Fig. 10(b),
h1 ¼ PR, h2 ¼ QPRQ and h3 ¼ RQPRQR are twofold
rotations whose centers (yellow) are shown. In the vertex
corona of x 2 IntðtÞ, take the 6-gon P [Fig. 10(c)]. h1P is a
6-gon adjacent to P; ðh2h1ÞP is adjacent to h1 P; and
ðh3h2h1ÞP = P. We obtain three congruent 6-gons in the vertex
corona of x.
As a second example, consider the hyperbolic tile-transitive
isocoronal ð84Þ tiling in Fig. 11(c) obtained from the ½84 tiling
by regular 4-gons shown in Fig. 11(a) with symmetry group G
= hP;Q;Ri ffi *842. Consider H = hRP, QRPQ, PQRQPQPi
ffi 222	, a subgroup of index 8 inG. Its generators h1 = RP, h2
= QRPQ are twofold rotations with centers (yellow) shown in
Fig. 11(b). The generator h3 = PQRQPQP of H is a glide
reflection with axis shown in Fig. 11(b). In the vertex corona of
x 2 IntðtÞ, t a tile in the ½84 tiling, take
the 8-gon P [Fig. 11(c)]. h1P is an 8-gon
adjacent to P; ðh2h1ÞP is adjacent to h1P;
ðh3h2h1ÞP is adjacent to h2h1P; and
ðh4h3h2h1ÞP = P where h4 ¼ h3. We
obtain four congruent 8-gons in the
vertex corona of x. This example shows
that an 8-gon can tile H2 to obtain a tile-
transitive isocoronal tiling. The ð84Þ tiling
has symmetry group G ¼ H ffi 222	.
6. Conclusion and future directions
In this article, we presented an approach
to systematically arrive at planar edge-
to-edge k-isocoronal tilings from tilings
satisfying tile-transitivity properties
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Figure 9
Pairs of isocoronal tilings by regular polygons (blue) and tile-transitive tilings by tangential
polygons with regular vertices (black) of E2 are shown.
electronic reprint
under subgroups of their symmetry groups. The method not
only facilitates the classification of tilings with k orbits of
vertex coronae under the symmetry groups, but also provides
a way to determine tilings with vertex-k-transitivity properties,
such as the k-uniform tilings. It also describes the symmetry
groups of the tilings that arise. The method is encapsulated in
Theorem 3.1 and Theorem 3.2, the latter focusing on
k-isocoronal tilings by regular polygons. To illustrate the
method, we give some Euclidean and hyperbolic examples of
k-isocoronal and k-uniform tilings that are not provided in the
literature.
To arrive at a k-isocoronal tiling, the process involves a
starting tiling T satisfying the property that there exists a
subgroup H of its symmetry group G that forms n orbits of
tiles, n  k. The suitable subgroups ofG to use are determined
using GAP and tested to satisfy the orbit conditions using
dynamic geometry software. The possibilities for a starting
tiling in E2 would be one of the tile-transitive tilings provided
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Figure 11
Construction of a tile-transitive isocoronal tiling ð84Þ from the [84] tiling.
Tilings are exhibited in the Poincare´ disc model of H2.
Figure 10
Construction of a tile-transitive isocoronal tiling ð63Þ from the [63] tiling.
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in Schattschneider & Dolbilin (1998). InH2, one has to rely on
known families of tile-transitive tilings such as those provided
in Mitchell (1995), Conway et al. (2008). It is also possible to
start with a tile-s-transitive tiling. An important reference in
arriving at tile-s-transitive tilings is Huson (1993) where the
construction of a tile-s-transitive tiling of E2 or H2 from a tile-
(s 1)-transitive tiling using the concept of gluing and split-
ting of tiles is discussed. It is as of this writing the only method
that could provide a complete list of tile-s-transitive tilings.
The isocoronal tilings in E2 that we derived in Section 4 are
a special case of applying the method for k ¼ 1. We also
presented a theorem in Section 5 that deals with the
construction of tile-transitive isocoronal tilings. This result
helps determine what single tile shapes give rise to tile- and
vertex-transitive tilings of E2 andH2. As shown in Fig. 8, there
are 20 tile-transitive isocoronal tilings of E2. Classes of
hyperbolic tilings can be derived using the theorem that adds
to the classification by symmetry groups of hyperbolic tile-
transitive tilings given in Conway et al. (2008). The symmetry
group of the tiling given in Fig. 11(c) is an example not in the
list.
The method we presented here in arriving at k-isocoronal
tilings can also be used to generate 2-periodic tilings with
transitivity k l m, tilings that are important and are targets for
design synthesis. Tilings with transitivity k l m are vertex-k-
transitive, edge-l-transitive and tile-m-transitive. Tilings with
transitivity k k  1 m are rare (Delgado-Friedrichs &
O’Keeffe, 2017b). Following our approach, we discovered the
ð43; 46; 46Þ tiling shown in Fig. 1 and discussed in Section 3, a
tiling with transitivity 322 not included in the list of tilings with
transitivity 32m in Delgado-Friedrichs & O’Keeffe (2017b).
Another example that we were able to derive is the
ð44; 44; 44; 44Þ tiling shown in Fig. 12(c) with transitivity 432
and symmetry group G ¼ hP;Q;RQPRQRPQRi ffi p4mm.
This has been obtained from the ½44 tiling with symmetry
group G ¼ hP;Q;Ri ffi p4mm [Fig. 12(a)] where the index-8
subgroup G of G is used.
Generating a k-isocoronal tiling T  with additional transi-
tivity properties (e.g. tilings with transitivity k k 1 m) using
our given method would have to entail looking closely at the
specific type of subgroup H of the symmetry group of the
starting tiling that will form k orbits of tiles and at the same
time determining carefully the choice of the interior points of
the representative tiles in each k orbit so that only k 1 kinds
of edges will be formed in T . This is not an easy task and it
will help for future work to formulate a computer program to
facilitate more systematically the construction of these types
of tilings and of k-isocoronal tilings in general.
There are several other directions in which this study can be
continued. One is to study planar tilings with congruent edge
coronae and determine if these tilings are edge-transitive.
Frettlo¨h & Garber (2015) discussed a method of obtaining
monocoronal tilings in E2 that are not vertex-transitive. It will
also be interesting to develop a method to characterize these
types of tilings in H2. In general, monocoronal tilings that are
non-periodic or aperiodic are not vertex-transitive. It will also
be worthwhile studying non-periodic monocoronal tilings
other than the tilings given in Frettlo¨h & Garber (2015),
Goodman-Strauss (2009). One may adapt the method given in
this work in arriving at isocoronal tilings of E3 or H3. In
general, one can pursue the characterizations of periodic and
non-periodic monocoronal tilings of n-dimensional Euclidean
and hyperbolic space.
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